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Abstract
This paper is concerned with the statistical consistency of ranking methods. Recently, it was proven that many commonly used pairwise ranking methods are
inconsistent with the weighted pairwise disagreement loss (WPDL), which can
be viewed as the true loss of ranking, even in a low-noise setting. This result
is interesting but also surprising, given that the pairwise ranking methods have
been shown very effective in practice. In this paper, we argue that the aforementioned result might not be conclusive, depending on what kind of assumptions
are used. We give a new assumption that the labels of objects to rank lie in a
rank-differentiable probability space (RDPS), and prove that the pairwise ranking
methods become consistent with WPDL under this assumption. What is especially inspiring is that RDPS is actually not stronger than but similar to the low-noise
setting. Our studies provide theoretical justifications of some empirical findings
on pairwise ranking methods that are unexplained before, which bridge the gap
between theory and applications.

1 Introduction
Ranking is a central problem in many applications, such as document retrieval, meta search, and
collaborative filtering. In recent years, machine learning technologies called ‘learning to rank’ have
been successfully applied. A learning-to-rank process can be described as follows. In training, a
number of sets (queries) of objects (documents) are given and within each set the objects are labeled
by assessors, mainly based on multi-level ratings. The target of learning is to create a model that
provides a ranking over the objects that best respects the observed labels. In testing, given a new set
of objects, the trained model is applied to generate a ranked list of the objects.
Ideally, the learning process should be guided by minimizing a true loss such as the weighted pairwise disagreement loss (WPDL) [11], which encodes people’s knowledge on ranking evaluation.
However, the minimization can be very difficult due to the nonconvexity of the true loss. Alternatively, many learning-to-rank methods minimize surrogate loss functions. For example, RankSVM
[14], RankBoost [12], and RankNet [3] minimize the hinge loss, the exponential loss, and the crossentropy loss, respectively.
In machine learning, statistical consistency is regarded as a desired property of a learning method
[1, 21, 20], which reveals the statistical connection between a surrogate loss function and the true
loss. Statistical consistency in the context of ranking have been actively studied in recent years
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[8, 9, 19, 11, 2, 18]. According to the studies in [11], many existing pairwise ranking methods
are, surprisingly, inconsistent with WPDL, even in a low-noise setting. However, as we know, the
pairwise ranking methods have been shown to work very well in practice, and have been regarded
as state-of-the-art even today [15, 16, 17]. For example, the experimental results in [2] show that
a weighted preorder loss in RankSVM [4] can outperform a consistent surrogate loss in terms of
NDCG (See Table 2 in [2]).
The contradiction between theory and application inspires us to revisit the statistical consistency of
pairwise ranking methods. In particular, we will study whether there exists a new assumption on the
probability space that can make statistical consistency naturally hold, and how this new assumption
compares with the low-noise setting used in [11].
To perform our study, we first derive a sufficient condition for statistical consistency of ranking
methods called rank-consistency, which is in nature very similar to edge-consistency in [11] and
order-preserving in [2]. Then we give an assumption on the probability space where ratings (labels)
of objects come from, which we call a rank-differentiable probability space (RDPS). Intuitively,
RDPS reveals the reason why an object (denoted as object A) should be ranked higher than another
object (denoted as object B). That is, the probability of any ratings consistent with the preference1 is
larger than that of its dual ratings (obtained by exchanging the labels of object A and object B while
keeping others unchanged). We then prove that with the RDPS assumption, the weighted pairwise
surrogate loss, which is a generalization of many surrogate loss functions used in existing pairwise
ranking methods (e.g., the preorder loss in RankSVM [2], the exponential loss in RankBoost [12],
and the logistic loss in RankNet [3]), is statistically consistent with WPDL.
Please note that our theoretical result contradicts the result obtained in [11], mainly due to the
different assumptions used. What is interesting, and to some extent inspiring, is that our RDPS
assumption is not stronger than the low-noise setting used in [11], and in some sense they are very
similar to each other (although they focus on different aspects of the probability space). We then
conducted detailed comparisons between them to gain more insights on what affects the consistency
of ranking.
According to our theoretical analysis, we argue that it is not yet appropriate to draw any conclusion
about the inconsistency of pairwise ranking methods, especially because it is hard to know what
the probability space really is. In this sense, we think the pairwise ranking methods are still good
choices for real ranking applications, due to their good empirical performances.
The rest of this paper is organized as follows. Sections 2 defines the consistency problem formally
and provides a sufficient condition under which consistency with WPDL is achieved for ranking
methods. Section 3 gives the main theoretical results, including formal definition of RDPS and
conditions of statistical consistency of pairwise ranking methods. Further discussions on whether
RDPS is a strong assumption and why our results contradict with that in [11] are presented in Section
4. Conclusions are presented in Section 5.
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Preliminaries of Statistical Consistency

Let x = {x1 , · · · , xm } be a set of objects to be ranked. Suppose the labels of the objects are given
as multi-level ratings r = (r1 , · · · , rm ) from space R, where ri denotes the label of xi . Without
loss of generality, we adopt K-level ratings used in [7], that is, ri ∈ {0, 1, · · · , K −1}. If ri > rj , xi
should be ranked higher than xj . Assume that (x, r) is a random variable of space X × R according
to a probability measure P . Following existing literature, let f be a ranking function that gives a
score to each object to produce a ranked list and denote F as the space of all ranking functions.
In this paper, we adopt the weighted pairwise disagreement loss (WPDL) defined in [11, 10] as the
true loss to evaluate f :
∑
∑
l0 (α, G) =
aG
aG
(1)
ij 1{αi ≤αj } +
ij 1{αi <αj } ,
i<j

i>j

where α = (α1 , · · · , αm ) = (f (x1 ), · · · , f (xm )), G is a directed acyclic graph (DAG for short)
with edge i → j to represent the preference that xi should be ranked higher than xj , and aG
ij is a
non-negative penalty indexed by i → j on graph G.
1

Here, consistency with the preference means that the rating of object A is larger than that of object B.
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Specifically, in the setting of multi-level ratings, i → j is constructed between pair (i, j) with
2
ri > rj , and aG
ij is thus just relevant to the labels of the two objects. For ease of representation , we
replace aG
ij with D(ri , rj ), and WPDL becomes the following form:
∑
l0 (f ; x, r) =
D(ri , rj )1{f (xi )−f (xj )≤0} ,
(2)
i,j:ri >rj

where 1{·} is an indicator function3 and D(ri , rj ) is a weight function s.t. (1) ∀ri ̸= rj , D(ri , rj ) >
0; (2) ∀ri , rj , D(ri , rj ) = D(rj , ri ); (3) ∀ri < rj < rk , D(ri , rj ) ≤ D(ri , rk ), D(rj , rk ) ≤ D(ri , rk ).
The conditional expected true risk and the expected true risk of f are then defined as:
∑
R0 (f |x) = Er|x l0 (f ; x, r) =
l0 (f ; x, r)P (r|x), R0 (f ) = Ex [Er|x l0 (f ; x, r)].

(3)

r∈R

Due to the nonconvexity of the true loss, it is infeasible to minimize the true risk in Eq.(3). As is
done in the literature of machine learning, we adopt a surrogate loss lΦ to minimize in place of l0 .
The conditional expected surrogate risk and the expected surrogate risk of f are then defined as:
∑
(4)
RΦ (f |x) = Er|x lΦ (f ; x, r) =
lΦ (f ; x, r)P (r|x), RΦ (f ) = Ex [Er|x lΦ (f ; x, r)].
r∈R

Statistical consistency is a desired property for a good surrogate loss, which measures whether the
expected true risk of the ranking function obtained by minimizing a surrogate loss converges to the
expected true risk of the optimal ranking in the large sample limit.
Definition 1. We say a ranking method that minimizes a surrogate loss lΦ is statistically consistent
with respect to the true loss l0 , if ∀ϵ1 > 0, ∃ϵ2 > 0, such that for any ranking function f ∈ F,
RΦ (f ) ≤ inf h∈F RΦ (h) + ϵ2 implies R0 (f ) ≤ inf h∈F R0 (h) + ϵ1 .
We then introduce a property of the surrogate loss, called rank-consistency, which is a sufficient
condition for the statistical consistency of the surrogate loss, as indicated by Theorem 1.
Definition 2. We say a surrogate loss lΦ is rank-consistent with the true loss l0 , if ∀x, for any
ranking function f ∈ F such that R0 (f |x) > inf h∈F R0 (h|x), the following inequality holds:
inf RΦ (h|x) < inf{RΦ (g|x) : g ∈ F , g(xi ) ≤ g(xj ), for (i, j) where f (xi ) ≤ f (xj ).}.

h∈F

(5)

Rank-consistency can be viewed as a generalization of infinite sample consistency for classification
proposed in [20] (also referred to as ‘classification-calibrated’ in [1]) to ranking on a set of objects.
It is also similar to edge-consistent in [11] and order-preserving in [2].
Theorem 1. If a surrogate loss lΦ is rank-consistent with the true loss l0 on the function space F,
then it is statistically consistent with the true loss l0 on F.
We omit the proof since it is a straightforward extension of the proof for Theorem 3 in [20]. The
proof is also similar to Lemma 3, 4, 5 and Theorem 6 in [11].
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Main Results

In this section, we present our main theoretical results: with a new assumption on the probability
space, many commonly used pairwise ranking algorithms can be proved consistent with WPDL.
3.1

A Rank-Differentiable Probability Space

First, we give a new assumption named a rank-differentiable probability space (RDPS for short),
with which many pairwise ranking methods will be rank-consistent with WPDL. Hereafter, we will
also refer to data from RDPS as having a rank-differentiable property.
2
Here we do not distinguish i > j and i < j, because they are just introduced to avoid minor technical
issues as stated in [11]. Furthermore, it will not influence the consistency results.
3
1A = 1,if A is true and 1A = 0,if A is false.
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Before introducing the definition of RDPS, we give two definitions, an equivalence class of ratings
and dual ratings. Intuitively, we say two ratings are equivalent if they induce the same ranking
or preference relationships. And we say two ratings are the dual ratings with respect to a pair of
objects, if the two ratings just exchange the ratings of the two objects while keeping the ratings of
other objects unchanged. The formal definitions are given as follows.
Definition 3. A ratings r is called equivalent to r̃, denoted as r ∼ r̃, if P(r) = P(r̃). Where
P(r) = {(i, j) : ri > rj .} and P(r̃) = {(i, j) : r̃i > r̃j .} stand for the preference relationships
induced by r and r̃, respectively. Therefore, an equivalence class of the ratings r, denoted as [r], is
defined as the set of ratings which are equivalent to r. That is, [r] = {r̃ ∈ R : r̃ ∼ r.}.
Definition 4. Let R(i, j) = {r ∈ R : ri > rj .}, r′ is called the dual ratings of r ∈ R(i, j) with
respect to (i, j) if rj′ = ri , ri′ = rj , rk′ = rk , ∀k ̸= i, j.
Now we give the definition of RDPS. An intuitive explanation on this definition is that there exists
a unique equivalence class of ratings that for each induced pairwise preference relationship, the
probability will be able to separate the two dual ratings with respect to that pair.
Definition 5. Let R(i, j) = {r ∈ R : ri > rj .}, a probability space is called rank-differentiable
with (i, j), if for any r ∈ R(i, j), P (r|x) ≥ P (r′ |x), and there exists at least one ratings r ∈
R(i, j), s.t. P (r|x) > P (r′ |x), where r′ is the dual ratings of r.
Definition 6. A probability space is called rank-differentiable, if there exists an equivalence class
[r∗], s.t. P(r∗ ) = {(i, j) : the probability space is rank-differentiable with(i, j).}, where P(r∗ ) =
{(i, j) : ri∗ > rj∗ .}. We will also call this probability space a RDPS or rank-differentiable with [r∗ ].
Please note that [r∗ ] in Definition 6 is unique, which can be directly proved by Definition 3.
Definition 5 implies that if a probability space is rank-differentiable with (i, j), the optimal ranking
function will rank xi higher than xj , as shown in the following theorem. The proof is similar to
that of Theorem 4, thus we omit it here for space limitation. Hereafter, we will call this property
‘separability on pairs’.
Theorem 2. ∀x ∈ X , let f ∗ ∈ F be an optimal ranking function that R0 (f ∗ |x) = inf f ∈F R0 (f |x).
If the probability space is rank-differentiable with (i, j), we have f ∗ (xi ) > f ∗ (xj ).
Further considering the ‘transitivity4 over pairs’ of a ranking function, Definition 6 implies that if a
probability space is rank-differentiable with [r∗ ], the optimal ranking function will induce the same
preference relationships, as shown in the following theorem.
Theorem 3. ∀x ∈ X , let f ∗ ∈ F be an optimal ranking function that R0 (f ∗ |x) = inf f ∈F R0 (f |x).
If the probability space is rank-differentiable with [r∗ ], for any (i, j) ∈ P(r∗ ), we have f ∗ (xi ) >
f ∗ (xj ), where P(r∗ ) = {(i, j) : ri∗ > rj∗ .}.
3.2

Conditions of Statistical Consistency

With RDPS as the new assumption, we study the statistical consistency of pairwise ranking methods.
First, we define the weighted pairwise surrogate loss as
∑
lΦ (f ; x, r) =
D(ri , rj )ϕ(f (xi ) − f (xj )),
(6)
i,j:ri >rj

where ϕ is a convex function. The surrogate losses used in many existing pairwise ranking methods
can be regarded as special cases of this weighted pairwise surrogate loss, such as the hinge loss in
RankSVM [14], the exponential loss in RankBoost [12], the cross-entropy loss in RankNet [3] and
the preorder loss in [2]. For the weighted pairwise surrogate loss, we get its sufficient condition
of statistical consistency as shown in Theorem 5. In order to prove this theorem, we first prove
Theorem 4.
Theorem 4. We assume the probability space is rank-differentiable with an equivalence class [r∗ ].
Suppose that ϕ(·) : R → R in the weighted pairwise surrogate loss is a non-increasing function
such that ϕ(z) < ϕ(−z), ∀z > 0. ∀x ∈ X , let f ∈ F be a ranking function such that RΦ (f |x) =
4
Transitivity means that if xi is ranked higher than xj and xj is ranked higher than xk , xi must be ranked
higher than xk .
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inf h∈F RΦ (h|x), then for any object pair (xi , xj ), ri∗ > rj∗ , we have f (xi ) ≥ f (xj ). Moreover, if
ϕ(·) is differentiable and ϕ′ (0) < 0, we have f (xi ) > f (xj ).
Proof. (1) We assume that f (xi ) < f (xj ), and define f ′ as the function such that f ′ (xi ) =
f (xj ), f ′ (xj ) = f (xi ), f ′ (xk ) = f (xk ), ∀k ̸= i, j. We can then get the following equation,
RΦ (f ′ |x) − RΦ (f |x)
∑ ∑
=
[D(rk , rj )−D(rk , ri )][ϕ(f (xk )−f (xi ))−ϕ(f (xk )−f (xj ))][P (r|x)−P (r′ |x)]
r,r′ , k:rj <ri <rk
r∈R(i,j)

+

∑

∑

D(ri , rk )[ϕ(f (xj )−f (xk ))−ϕ(f (xi )−f (xk ))][P (r|x)−P (r′ |x)]

r,r′ , k:rj <rk <ri
r∈R(i,j)

+

∑

∑

D(rk , rj )[ϕ(f (xk )−f (xi ))−ϕ(f (xk )−f (xj ))][P (r|x)−P (r′ |x)]

′

r,r , k:rj <rk <ri
r∈R(i,j)

+

∑

∑

[D(ri , rk )−D(rj , rk )][ϕ(f (xj )−f (xk ))−ϕ(f (xi )−f (xk ))][P (r|x)−P (r′ |x)]

r,r′ , k:rk <rj <ri
r∈R(i,j)

+[ϕ(f (xj )−f (xi ))−ϕ(f (xi )−f (xj ))]

∑

D(ri , rj )[P (r|x)−P (r′ |x)]

′

r,r ,
r∈R(i,j)

According to the conditions of RDPS, the requirements of the weight function D in Section 2 and
the assumption that ϕ is a non-increasing function such that ϕ(z) < ϕ(−z), ∀z > 0, we can obtain
∑
RΦ (f ′ |x) − RΦ (f |x) ≤ [ϕ(f (xj )−f (xi ))−ϕ(f (xi )−f (xj ))]
D(ri , rj )[P (r|x)−P (r′ |x)] < 0.
r,r′ ,
r∈R(i,j)

This is a contradiction with RΦ (f )=inf h∈F RΦ (h|x). Therefore, we have proven that f (xi )≥f (xj ).
(2) Now we assume that f (xi ) = f (xj ) = f0 . From the assumption RΦ (f |x) = inf h∈F RΦ (h|x), we
can get

∂RΦ (f |x)
∂f (xi )

∑

∂RΦ (f |x)
∂f (xj )

= 0,

= 0. Accordingly, we can obtain the two following equations:
∑
(7)
A1 P (r|x) + A2 P (r′ |x) = 0,
B1 P (r|x) + B2 P (r′ |x) = 0,
f0

f0

r,r′ ,
r∈R(i,j)

r,r′ ,
r∈R(i,j)

where,

∑

A1 = B2 =

D(rk , ri )[−ϕ′ (f (xk )−f0 )] +

k:rj <ri <rk

+

∑

A 2 = B1 =

k:rj <rk <ri

D(ri , rk )ϕ (f0 −f (xk )) + D(ri , rj )ϕ′ (0).

D(rk , rj )[−ϕ′ (f (xk )−f0 )] +

k:rj <ri <rk

+

∑

D(ri , rk )ϕ′ (f0 −f (xk ))

′

k:rk <rj <ri

∑

∑

∑

D(rk , rj )[−ϕ′ (f (xk )−f0 )]

k:rj <rk <ri
′

D(rj , rk )ϕ (f0 −f (xk )) + D(ri , rj )[−ϕ′ (0)].

k:rk <rj <ri
′

If ϕ (0) < 0, based on the requirements of RDPS and the weight function D, we can get
∑
(A1 − B1 )P (r|x) + (A2 − B2 )P (r′ |x)
r,r′ ,
r∈R(i,j)

=

∑

∑
(A1 − A2 )[P (r|x) − P (r′ |x)] ≤ 2ϕ′ (0)
D(ri , rj )[P (r|x) − P (r′ |x)] < 0.

r,r′ ,
r∈R(i,j)

r,r′ ,
r∈R(i,j)

This is a contradiction with Eq.(7). Therefore, we actually have proven that f (xi ) > f (xj ).
5

Figure 1: Relationships among order-preserving, rank-differentiable and low-noise.
Theorem 5. Let ϕ(·) be a non-negative, non-increasing and differentiable function such that
ϕ′ (0) < 0. Then the weighted pairwise surrogate loss is consistent with WPDL under the assumption of RDPS.
Proof. We assume that the probability space is rank-differentiable with an equivalence class [r∗ ].
Then for any object pair (xi , xj ), ri∗ > rj∗ , we are going to prove that
∗
RΦ|x
= inf RΦ (h|x) < inf{RΦ (f |x) : f ∈ F, f (xi ) ≤ f (xj ).}
h∈F

(8)

because from Theorem 3 this implies the rank-consistency condition in Eq.(5) holds.
Suppose Eq.(8) is not true, then we can find a sequence of functions {fm } such that 0 = fm (xi ) ≤
∗
fm (xj ), and limm RΦ (fm |x) = RΦ|x
. We can further select a subsequence such that for each pair
(i, j), fm (xi ) − fm (xj ) converges (may also converge to ±∞). This leads to a limit function f ,
with properly defined f (xi ) − f (xj ), even when either f (xi ) or f (xj ) is ±∞. This implies that
∗
RΦ (f |x) = RΦ|x
and 0 = f (xi ) ≤ f (xj ). However, this violates Theorem 4. Thus, Eq.(8) is true.
Therefore, we have proven that the weighted pairwise surrogate loss is consistent with WPDL.
Many commonly used pairwise surrogate losses, such as the preorder loss in RankSVM [2], the
exponential loss in RankBoost [12], and the logistic loss in RankNet[3], satisfy the conditions in
Theorem 5, thus they are consistent with WPDL. In other words, we have shown that statistical
consistency of pairwise ranking methods is achieved under the assumption of RDPS.

4

Discussions

In Section 3, we have shown that statistical consistency of pairwise ranking methods is achieved
with the assumption of RDPS. Considering the contradicting conclusion drawn in [11], a natural
question is whether the RDPS is stronger than the low-noise setting used in [11]. In this section we
will make some discussions on this issue.
4.1

Relationships of RDPS with Previous Work

Here, we discuss the relationships between the rank-differentiable property and the assumptions used
in some previous works (including the order-preserving property in [19] and the low-noise setting
in [11]). According to our analysis, we find that the rank-differentiable property is not a strong
assumption on the probability space. Actually, it is a weaker assumption than the order-preserving
property and is very similar to the low-noise setting. A sketch map of the relationships between the
three assumptions is presented in Figure 1, where the low-noise probability spaces stands for a set
of spaces satisfying the low-noise setting. Detailed discussions are given as follows.
6

1. Rank-Differentiable vs. Order-Preserving
The rank-differentiable property is defined on the space of multi-level ratings while the orderpreserving property is defined on the permutation space. To understand their relationship, we need
to put them onto the same space. Actually, we can restrict the space of multi-level ratings to the
permutation space by setting K = m − 1 and requiring the ratings of each two objects to be different. After doing so, it is not difficult to see that the rank-differentiable property is weaker than the
order-preserving property, as shown in the following theorem.
Theorem 6. Let K = m − 1. For each permutation y ∈ Y, where y(i) stands for the position of
y
xi , define the corresponding ratings ry = (r1y , · · · , rm
) as riy = m − y(i), i = 1, · · · , n. Assume
y
that P (r ) = P (y), and P (r) = 0 if there does not exist a permutation y s.t. r = ry . If the
probability space is order-preserving with respect to m−1 pairs (j1 , j2 ), (j2 , j3 ),· · ·, (jm−1 , jm ),
it is rank-differentiable with the equivalence class [r∗ ], where rj∗i > rj∗i+1 , i = 1, · · · , m, but the
converse is not always true.
2. Rank-Differentiable vs. Low-Noise
The rank-differentiable property is defined on the space of multi-level ratings while the low-noise
setting is defined on the space of DAGs. According to the correspondence between ratings and
DAGs (as stated in Section 2), we can restrict the space of DAGs to the space of multi-level ratings.
Consequently, we obtain the relationship between the rank-differentiable property and the low-noise
setting as follows:
(1) Mathematically, the inequalities in the low-noise setting can be viewed as the combinations of
the corresponding inequalities in the rank-differentiable property. They are similar to each other in
their forms and the rank-differentiable property is not stronger than the low-noise setting.
(2) Intuitively, the rank-differentiable property induces ‘separability on pairs’ and ‘transitivity over
pairs’ as described in Theorem 2 and 3, while the low-noise setting aims to explicitly express the
transitivity over pairs, but fails in achieving it.
Let us use an example to illustrate the above points. Suppose there are three objects to be ranked in
the setting of three-level ratings (K = 3). Furthermore, suppose that the ratings of every two objects
are different and all the graphs are fully connected DAGs in the setting of [11]. We order the ratings
and DAGs as:
r1 = (2, 1, 0), r2 = (1, 2, 0), r3 = (2, 0, 1), r4 = (0, 2, 1), r5 = (1, 0, 2), r6 = (0, 1, 2).
G1 = {(1 → 2),(2 → 3),(1 → 3)}, G2 = {(2 → 1),(1 → 3),(2 → 3)}, G3 = {(1 → 3),(3 → 2),(1 → 2)},
G4 = {(2 → 3),(3 → 1),(2 → 1)}, G5 = {(3 → 1),(1 → 2),(3 → 2)}, G6 = {(3 → 2),(2 → 1),(3 → 1)},
Therefore ri , Gi have one-to-one correspondence, we can set the probability as P (ri |x) =
i
P (Gi |x) = Pi and define aG
kl = D(rik , ril ), i = 1, · · · , 6; k, l = 1, 2, 3.
Considering conditions in the definition of RDPS, rank-differentiable with [r1 ] requires the following inequalities to hold and at least one inequalities in (9) and (10) to hold strictly.
P1 − P2 ≥ 0, P3 − P4 ≥ 0, P5 − P6 ≥ 0,

(9)

P4 − P6 ≥ 0, P2 − P5 ≥ 0, P1 − P3 ≥ 0,
(10)
We assume there are edges 1 → 2 and 2 → 3 in the difference graph. Then the low-noise setting in
Definition 8 of [11] requires that a13 − a31 ≥ a12 − a21 + a23 − a32 , where,
a12 − a21 = D(2, 1)(P1 − P2 ) + D(2, 0)(P3 − P4 ) + D(1, 0)(P5 − P6 ),
a23 − a32 = D(2, 1)(P4 − P6 ) + D(2, 0)(P2 − P5 ) + D(1, 0)(P1 − P3 ),
a13 − a31 = D(2, 1)(P3 − P5 ) + D(2, 0)(P1 − P6 ) + D(1, 0)(P2 − P4 ).
According to the above example,
(1) a12 − a21 and a23 − a32 are exactly the combinations of the terms in (9) and (10), respectively.
Thus, if the probability space is rank-differentiable with [r1 ], we can only get a12 − a21 > 0, a23 −
a32 > 0, but not the inequalities in the low-noise setting. This indicates that our rank-differentiable
property is not stronger than the low-noise setting.
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(2) With the assumption that aij − aji > 0 can guarantee the optimal ranking with which xi is
ranked higher than xj , it seems that the low-noise setting intends to make the preferences of 1 → 2
and 2 → 3 transitive to 1 → 3. However, the assumption is not always true. Instead, the rankdifferentiable property can naturally induce the ‘transitivity over pairs’ (See Theorem 2 and 3).
In this sense, the rank-differentiable property is much more powerful than the low-noise setting,
although not stronger.
4.2 Explanation on Theoretical Contradiction
On one hand, different conclusions on the consistency of pairwise ranking methods have been obtained in our work and in [11]. On the other hand, we have shown that there exists an connection
between the rank-differentiable property and the low-noise setting (see Figure 1). Therefore, one
may get confused by the contradicting results and may wonder what will happen if a probability
space satisfies both the rank-differentiable property and the low-noise setting. In this subsection, we
will make discussions on this issue.
Please note that we adopt the multi-level ratings as the labeling strategy (as stated clearly in Section
2) in our analysis. With this setting, the graph space G in [11] will not contain all the DAGs. For
example, considering a three-graph case, the graph G2 = {(1, 2, 3) : (2 → 3), (3 → 1)} in the proof
of Theorem 11 of [11] (the main negative result on the consistency of pairwise surrogate losses)
actually does not exist. That is because if 2 → 3 and 3 → 1 exist in a graph G, we can get that
r2 > r3 , r3 > r1 according to the correspondence between graphs and ratings as stated in Section 2.
Therefore, we can immediately get r2 > r1 . Once again according to the correspondence between
graphs and ratings, we will get that 2 → 1 should be contained in graph G, which contradicts with
G2 . Thus, G2 will not exist in the setting of multi-level ratings. However, in the proof of [11], they
do not take the constraint of multi-level ratings into consideration, thus deduce contradict results.
From the above discussions, we can see that our theoretical results contradict with that in [11] mainly
because the two works consider different settings and assumptions. If a probability space satisfies
both the rank-differentiable property and the low-noise setting, the pairwise ranking methods will be
consistent with WPDL in the setting of multi-level ratings but inconsistent in the setting of DAGs.
One may argue that the setting of multi-level ratings is not as general as the DAG setting, however,
please note that multi-level ratings are the dominant setting in the literature of ‘learning to rank’
[13, 16, 15, 6] and have been widely used in many applications such as web search and document
retrieval [17, 5]. Therefore, we think the setting of multi-level ratings is general enough and our
result has its value to the mainstream research of learning to rank.
To sum up, based on all the discussions in this paper, we argue that it is not yet appropriate to draw
any conclusion about the inconsistency of pairwise ranking methods, especially because it is hard to
know what the probability space really is. In this sense, we think the pairwise ranking methods are
still good choices for real ranking applications, due to their good empirical performances.

5

Conclusions

In this paper, we have discussed the statistical consistency of ranking methods. Specifically, we
argue that the previous results on the inconsistency of commonly-used pairwise ranking methods
are not conclusive, depending on the assumptions about the probability space. We then propose a
new assumption, which we call a rank-differentiable probability space (RDPS), and prove that the
pairwise ranking methods are consistent with the same true loss as in previous studies under this
assumption. We show that RDPS is not a stronger assumption than the assumptions used in previous
work, indicating that our finding is similarly reliable to previous ones.
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